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An Introduction to Heisenberg Groups 

Stephen Semmes 


Actually, a number of related objects are often called “Heisenberg groups”, 
and they appear in several ways. 

Let n be a positive integer, and let A be a positive real number. For 
each X in consider the linear operator acting on the vector space of 
continuous complex-valued functions on R” with compact support defined 
by 

(1) T,{f){w) = f{w-x). 

In other words, Tx{f) is the same as / translated by x, in the sense that 
Tx{f){w + x) = f{w). Thus To is the identity operator, and 

( 2 ) Tx+x' = Tx o Tx' 

for all X, x' G R'^. Also, Tx is the identity operator only when x = 0, and 
thus the correspondence x ^ Tx provides an isomorphic embedding of R”, as 
an abelian group, into the group of invertible linear operators on the vector 
space of continuous functions with compact support on R” under the binary 
operation composition. Of course there are numerous other vector spaces of 
functions on R” that one might use here. 

For each y in R"" define a linear operator U,, on the same space of functions 
on R'^ by 

(3) Uy{f){w) = exp{2TTiXy-w) f{w), 
where y ■ w denotes the usnal inner product on R*^, namely, 

n 

( 4 ) y-w = J2yjWj, y = {yi,...,yn), w = {wi,...,Wn). 

As before, Uy is equal to the identity operator if and only if ?/ = 0, and 

( 5 ) Uy+y' ~ ^y ° ^y' 
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for all y, y' G R”. Thus the correspondence y ^ Uy also dehnes an isomorphic 
embedding of as an abelian group into the group of invertible linear 
transformations on our vector space of functions. Note that the operator 
Uy can be described in terms of translations on the Fourier transform side, 
rather than directly, as for T^. 

How do these two families of operators interact? What is the snbgronp of 
the group of invertible linear operators that they generate? If a is a complex 
nnmber which satisfies |q;| = 1, let Ca denote the linear operator on onr 
vector space of fnnctions on R'^ dehned by 

(6) Ca{f){w) = af{w). 


That is, we simply mnltiply the fnnction / by the scalar a. The correspon¬ 
dence a Ca defines an isomorphic embedding of the abelian gronp of 
complex nnmbers with modulus 1, under mnltiplication, into the gronp of 
invertible linear operators on onr vector space of fnnctions. Clearly Ca com- 
mntes with Tx and Uy for all a, x, and y in their respective domains, but in 
general and Uy do not commnte. However, for all x, y in R*^, Uy o can 
be written as T^cUyO Ca for a complex nnmber a of modulus 1. Indeed, for 
any fnnction / on R”, 


(7) UUyimw) 


Uy{f){w-x) 

exp(27ri \ y ■ {w — x)) f{w — x) 

exp(—27ri \ y ■ x) exp(27ri \ y ■ w) Tx{f){w) 

exp(-27ri A|/ ■ x) Uy{Tx{f)){w), 


so that 

(8) Uy o Tx = Tx o Uy o Ca with a = exp(27ri \ y ■ x). 

It is not hard to check that the collection of linear operators on onr vector 
space of fnnctions on R"" of the form TxoUyO Ca, where x, y range through 
all elements of R” and a ranges throngh all complex nnmbers of modulus 1, 
forms a subgroup of the group of invertible linear operators on this vector 
space. This snbgronp is the same as the subgronp generated by the T^-’s and 
UyS for x,y e R”. 

Here is a closely connected point. For this it is convenient to work with 
fnnctions / which are continnonsly differentiable. If u is an element of R*^, 
then we write for the operator of directional differentiation in the direction 
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i=0 


dt 

If /i is a linear function on R"', so that fi{x) = x ■ u for some u in and all 
X in R”, then let us write for the operator of multiplication by /r, 

(10) M^{f){w) = fx{w) f{w). 

In general and do not commute, and in fact 

( 11 ) = 

for all continuously differentiable functions / on R”, where the scalar 
is the same as Dy{fi), which is a constant since /i is linear. 

Let us dehne Rn(R) as follows. First, as a set, Rn(R) is equal to R" x 
R" X R, i.e., the set of ordered triples {x, y, t) where x, y he in R" and t lies 
in R. Next, we dehne a binary operation on iL„(R) by 

(12) (x, y, t) ■ (x', y', t') = {x + x',y + y', t + t' + x' -y). 

With respect to this operation, one can verify that becomes a group, 

with (0, 0, 0) as the identity element, and (—x, —y, —t) the inverse of (x, y, t). 
Consider the correspondence 

(13) {x,y,t) Tx o Uy o Ca, a = exp{27ii Xt). 

This dehnes a mapping from Hn{R) into invertible linear mappings acting 
on functions on R"^, and one can verify that this is a group homomorphism. 
A triple (x, y, t) corresponds to the identity operator if and only ii x = y = 0 
and t is an integer multiple of 1/A. 

We can dehne Hn{7i) to be the set of triples {x,y,t) where x, y lie in Z” 
and t lies in Z. It is easy to see that this dehnes a subgroup of Rn(R). 

In addition to being a group, R„(R) is a smooth manifold of dimension 
2n+l, and the group operation is smooth. The quotient R„(R)/Rn(Z) makes 
sense not only as a set of cosets, but also as a compact smooth manifold 
without boundary of dimension 2?7, + 1. When n = 1, this manifold has 
dimension 3, and is one of the basic building blocks discussed in |^. 

Dehne aj in HniTi) for j = l,...,n to be the triple {x,y,t) such that 
all components of x are equal to 0 except for the jth component, which is 
equal to 1, and such that y = 0 and t = 0. Similarly, dehne bj in R„(Z) for 



j = 1,... ,n to be the triple {x,y,t) such that x = 0, all components of y 
are equal to 0 except for the jth component, which is equal to 1, and t = 0. 
Dehne c in Hn{Z) to be the triple (0, 0,1). It is easy to see that 

(14) Cli, . . . , Clni . . . , C 

generate HniZ). Indeed, if fc, I he in Z”' and m lies in Z, then [k, I, m) is the 
same as 

(15) 

in the group, where of course this expression is interpreted using the group 
operation. 

For z, j = 1,..., n we have that 

(16) Oj Oj = aj Oj, bi bj = bj bi 

and 

(17) aiC = cai, bjC = cbj. 
li I < i, j < n and i ^ j, then 

(18) aibj = bjai. 

When i = j we have in place of this 

(19) biai = aibiC 

for z = 1,... ,zz. These relations describe the group Hn{7^) completely; ev¬ 
ery element of Hn{Z) can be represented in a unique way as ([l5|) , and these 
relations are adequate to dehne the group operation in terms of this repre¬ 
sentation. 

In addition to the group structure on i7„(R), there is a natural family of 
dilations. Namely, for each positive real number r, dehne a mapping 6r from 
i7„(R) to itself by 

(20) 6r{x,y,t) = {rx,ry,r‘^t). 

This is a one-to-one mapping of Hn(R) onto itself, 6r o 6s = 6rs for all 
r,s > 0, and is the identity mapping on i7„(R). It is easy to check that 
these dilations preserve the group structure on if„(R). 
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In connection with complex variables it is convenient to employ a slightly 
different formulation. Dehne as a set as C” x R. The group operation 
on Hn is dehned by 

( 21 ) {z, t) ■ t') = (z + z\t + t' + 2lv[i'^ Zj z'j ], 

^ i=i ^ 

where 2 : = {zi^... ^Zn)-, z' = {z[^ ..., z'^)^ and a denotes the complex ccmjugate 
of a complex number a. As before, (0, 0) is the identity element of and 
{—z, —t) is the inverse of {z,t). 

Put 

(22) 17 = {(w, a) e C” X C : Im a > l^p}, 
where = YJj=i as usual. Thus 

(23) (917 = {(w, a) e C” X C : Im a = \w\^}. 

For each {z,t) in Hn, dehne the mapping A(^z,t) from U to itself by 

(24) a) = fw + z,a + t + ilz]"^ + 2i ^ • 

\ j=i ' 

Because 

n 

(25) \w + z\‘^ = \w\‘^ + 2Re'^Wj^ + \z\‘^, 

i=i 

one can check that A(^z,t){w,a) G U when (w,a) G 17 and A(z,t)(w,o') G dU 
when (w, a) G (917. Also, 


( n n \ 

w + z' + z,a + t' + t + i\z'\‘^ + i\z\‘^ + 2i'^ Wj Zj + 2i '^{wj + Zj)j]j 

j=i 1=1 ^ 

( n n \ 

w + z' + z, a + t' + t + i\z'\^ + i\z\‘^ + 21 ^ Wj {zj + Zj) + 2i'^ Zj^j 

1=1 i=i ^ 

( n n K 

w + z' + z, a + t' + t + i\z' + z]"^ + 2i'^ Wj {zj + Zj) — 2 Im ^ 2 :' ^ j 

( n n \ 

w + z + z , a + t + t' + i\z + z'\‘^ + 21 ^ Wj {zj + Zj) + 2 Im ^ Zj Zj j 

A(^z,t)-{z', (z')■ 
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In particular, is the inverse of ^(z,p as a mapping from U onto itself. 

From the dehnition of ^( 2 ,t) h is clear that it is a holomorphic mapping 
of U to itself, and in fact a comp lex-affine mapping, since there are only ta’s 
and a’s in and none of their complex conjugates. Thus ^( 2 ,t) is 

in fact a biholomorphic mapping of U onto itself. 

Let us abuse our notation a bit and use 6r to denote the natural dilation 
by r > 0 on H^, 

(27) Sr{z,t) = {rz,r‘^t). 

As before, 6r is a one-to-one mapping of Hn onto itself, Sr o 6s = Srs for 
all r, s > 0, Si is the identity mapping on Hn, and Sr preserves the group 
structure on Hn- These dilations also correspond to mappings on 7/ in a 
natural way. Namely, define Ar : U ^ U for r > 0 by 

(28) Ar{w,a) = {rw,r'^ a). 

It is easy to see that is a one-to-one mapping of U onto itself which takes 
U to U, and that Ar o Ag = Ars for all r, s > 0 and Ai is the identity 
mapping. Furthermore, A,, is a biholomorphic mapping of U onto itself, and 

(29) Ar{A^z,t)iw,a)) = As^(z,t)iAr{w, a)). 

A famous fact about U is that it is biholomorphically equivalent to the 
unit ball in Thus the A(^z,t)^ and A^’s correspond to biholomorphic 

transformations on the unit ball in They do not account for all of 

the biholomorphic transformations, though; basically what is missing are the 
complex-linear tranformations on which map the unit ball onto itself, 
which is the same as saying that they preserve the standard Hermitian inner 
product on 
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